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Why Develop a Fluid Reduced Order
Model (ROM)?

CFD modeling of unsteady
3D flows is expensive!

A Reduced Order Model (ROM) is a surrogate
numerical model that aims to capture the essential
dynamics of a full model but with far fewer dofs.

Applications in Fluid Dynamics:
@ Predictive modeling across a parameter space
(e.g., aeroelastic flutter analysis).
@ System modeling for active flow control.

@ Long-time unsteady flow analysis, e.g., fatigue of a
wind turbine blade under variable wind conditions.




Motivation for Numerical Analysis of
ROMs

Use of ROMs in predictive applications raises
questions about their stability & convergence.

@ Projection ROM approach is an alternative discretization of the
governing PDEs.

@ Desired numerical properties of a ROM discretization:

» Consistency (with continuous PDEs): loosely speaking, a ROM CAN be
consistent with respect to the full simulations used to generate it.

» Stability: numerical stability is NOT in general guaranteed a priori for a
ROM!
» Convergence: requires consistency and stability.
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Motivation for Numerical Analysis of
ROMs

Use of ROMs in predictive applications raises
questions about their stability & convergence.

@ Projection ROM approach is an alternative discretization of the
governing PDEs.

@ Desired numerical properties of a ROM discretization:
» Consistency (with continuous PDEs): loosely speaking, a ROM CAN be
consistent with respect to the full simulations used to generate it.
» Stability: numerical stability is NOT in general guaranteed a priori for a
ROM!
» Convergence: requires consistency and stability.

This talk focuses on how to construct
a Galerkin ROM that is stable a priori
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a POD/Galerkin Approach to Model Reduction

utline

© Numerical Stability

e A Stable ROM for the Linearized Compressible Flow Equations
@ Symmetrized Equations and Energy Stability

e Numerical Experiments
@ Implementation
@ Inviscid Pulse in a Uniform Base Flow
@ Laminar Viscous Cavity

e Future Work
© References
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Model Reduction Approach

High-Fidelity
CFD Simulations: Fluid Modal
Decomposition ) -
. Galerkin Projection
Snapshot 1 Step 1 (POD): Step 2 of Fluid PDESs:
Snapshot 2 >
A (¢5,00m + V- F(unm)) =0
. un = Y ak(t)er(x)
. k=1
Snapshot K
“Small”
ROM
ODE
System:
ax = f(a,...,an)
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Step 1: Constructing the Modes

High-Fidelity
CFD Simulations: Fluid Modal
Decomposition
Snhapshot 1 Step 1 (POD):
Snapshot 2

Snapshot K

M
un = Y aw(t)ei(x)
k=1

@ POD basis {¢;}M, with M << K
maximizes the energy in the projection
of snapshots onto span{¢; }.

@ POD eigenvalue problem:

Ro = \o

where R¢ = (u®(u*, ¢)).
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Step 2: Galerkin Projection

Galerkin Projection
Step 2 of Fluid PDEs:

(¢j,um + V- F(up)) =0

@ Galerkin projection of
continuous equations in
continuous inner product

“Small” ontg r&duced basis modes
ROM {o:dizq-
ODE
System:
ap = f(a1,...,an)
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' Stability Definitions

@ Practical Definition: Numerical solution does not “blow up” in finite time.
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i Stability Definitions

@ Practical Definition: Numerical solution does not “blow up” in finite time.

@ More Precise Definition: Numerical discretization does not introduce any
spurious instabilities inconsistent with natural instability modes supported by the
governing continuous PDEs.

Numerical solutions must maintain a proper energy balance

Linearized Compressible (CEnAEESTD WDk

Navier-Stokes Equations: duali St(:lkes Ethgzt;ons:
4E < «——— duality — £ [ md2>0

Non-incre;tsin_ energy [5] Clausius-Duhem Inequality
9 oy Non-decreasing entropy [4]
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i Stability Definitions

@ Practical Definition: Numerical solution does not “blow up” in finite time.

@ More Precise Definition: Numerical discretization does not introduce any
spurious instabilities inconsistent with natural instability modes supported by the
governing continuous PDEs.

Numerical solutions must maintain a proper energy balance

Linearized Compressible (CEnAEESTD WDk

Navier-Stokes Equations: duali St(:lkes Ethgzt;ons:
4E < «——— duality — £ [ md2>0

Non-incre;tsin_ energy [5] Clausius-Duhem Inequality
9 oy Non-decreasing entropy [4]

@ Analyzed using the Energy Method: Uses an equation for the evolution of

numerical solution “energy” (or “entropy”) to determine stability. fands
Laboratories
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3D Compressible Navier-Stokes

Equations
@ 3D compressible Navier-Stokes equations:
pBi =B Y (G4 5 ) + A0V uf,
pluz = ax2+2] 16% (5% 4 55 ) + 205,V - uy,
pBrs =B Y (5 4 5 ) + M0V u (1)
PCo it :_pv.u—i—zi:lazi( gg)?
3¢ = —pV -,
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3D Compressible Navier-Stokes

Equations
@ 3D compressible Navier-Stokes equations:
[ D ¥ atat s +g—;‘1i F A6,V ulb,
P = axﬁZ] Al %+2-;2 + A5V -ul,
pBps ==Y i (e 4 52 ) + A0V g, )
pC BT = —pV u+ T 2 (x 35)7
o =—pV-u,

@ ROM approach is based on local linearization of full non-linear equations
(1):
» Full non-linear equations (1) are solved to generate snapshots in
high-fidelity code

» In the ROM projection step, the equations (1) are linearized around a

steady base flow and projected onto the POD modes —
National



3D Compressible Navier-Stokes

Equations
@ 3D compressible Navier-Stokes equations:
pBi =B Y (G4 5 ) + A0V uf,
pBe ==Y n g;;ﬁ’“] + A0,V - ub,
ploe =5 0 (9 4+ B ) 20V ouh, (1)
pC, L = —pV.-u+ Z¢:1 8%1- (“%) ,
3¢ = —pV -,

@ ROM approach is based on local linearization of full non-linear equations
(1):
» Full non-linear equations (1) are solved to generate snapshots in
high-fidelity code
= non-linear dynamics are captured in POD modes.

» In the ROM projection step, the equations (1) are linearized around a

steady base flow and projected onto the POD modes i
= non-linear dynamics are not captured in ROM equations. el .
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~ '3D Linearized Compressible
> ; Navier-Stokes Equations

@ Appropriate when a compressible fluid system can be described by viscous,
small-amplitude perturbations about a steady-state mean (or base) flow.

@ Linearization of full compressible Navier-Stokes equations:
d'(xt)=(wm w us T p)=q (x)+q"(x,1)eR’
—— N——

mean fluctuation

=d; + Aid; — [Kijd,]i =0

where

Uy 0 0 R R% Uz 0 0 o0 0
0 a0 0 0 0 ) o R £EL
Ar=|[ o0 0 @ 0 0 , As=| o0 0 a2 0 0
T(y—1) 0 0 @ O 0 T(y-1) 0 a@ 0
p 0 0 0 @ 0 p 0 0 as

s 0 0 0 0 2u+A 0 0

0 as 0 0o 0 L 0 w0

Az = 0 0 U3 R RT , Kin == 0 0 u

0 0 T(y—1) @ 0 p 0 0 0

0 0 p 0 as 0 0 0




Symmetrized Linearized Compressible
Navier-Stokes Equations

Energy stability of the Galerkin ROM can be proven [1] following

“symmetrization” the linearized compressible Navier-Stokes equations.

@ Linearized compressible Navier-Stokes system is “symmetrizable” [5].
@ Pre-multiply equations by symmetric positive definite matrix:

0

S O O
o O O

0

0

o O O

0 0
0 0
0 0
AR

T(y—1) 0_
0 ET

p

=

Hq, + HA; q/; —H[K;;q;]; =0

@ H is called the “symmetrizer” of the system:
» The convective flux matrices HA,; are all symmetric.
» The following augmented viscosity matrix

Ks_(

HK;,
HKo>,
HK3,

is symmetric positive semi-definite.

HK;»
HKo>-
HK3o

HK;3
HK>;
HK33

)
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g 'Symmetry Inner Product & A Stable
- Galerkin ROM

@ Define the “symmetry” inner product and “symmetry” norm:

@V, d)m0) = / @V HGPdQ,  ||d || o) = (d,d)ae  (2)
Q
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— 'Symmetry Inner Product & A Stable
- Galerkin ROM

@ Define the “symmetry” inner product and “symmetry” norm:

@V, d)m0) = / @V HGPdQ,  ||d || o) = (d,d)ae  (2)
Q

@ Stability analysis reveals that the symmetry inner product (and not the L? inner
product!) is the energy inner product for this equation set.
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- 'Symmetry Inner Product & A Stable
> | Galerkin ROM

@ Define the “symmetry” inner product and “symmetry” norm:

@, d) a0 E/[ql(l)]Tqu(z)dQ 9|0 = (@, q) @ (2
Q

@ Stability analysis reveals that the symmetry inner product (and not the L? inner
product!) is the energy inner product for this equation set.

@ Galerkin approximation qf; = S°M, ax ()¢ (x) satisfies the same energy
expression as the solutions to the continuous equations:

llahs (5, )|y < €*llahs (x,0)| .0

where 3 is an upper bound on the eigenvalues of the matrix
B = HfT/Q B(HAi)Hfl/Q
= R .
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- 'Symmetry Inner Product & A Stable
— Galerkin ROM

@ Define the “symmetry” inner product and “symmetry” norm:

@V, d)m0) = / @V HGPdQ,  ||d || o) = (d,d)ae  (2)
Q

@ Stability analysis reveals that the symmetry inner product (and not the L? inner
product!) is the energy inner product for this equation set.

@ Galerkin approximation qf; = S°M, ax ()¢ (x) satisfies the same energy
expression as the solutions to the continuous equations:

llahs (¢, )|,y < €[l (x, 0)| a1,

where 3 is an upper bound on the eigenvalues of the matrix
B = HfT/Z B(HAi)Hfl/Q
= R .

Practical Implication:
Symmetry inner product ensures Galerkin projection
step of the ROM is stable for any basis! @ ol
Lahoratories
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Steps to Obtain a Stable Compressible
Fluid ROM

@ Galerkin-project the equations in the symmetry inner product (2):

P, > (¢k, +( br, 5 | Kij =0 (3)
( ot ) w0 s (H,Q) Oz, ! Oz, (H,9)
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Steps to Obtain a Stable Compressible
Fluid ROM

@ Galerkin-project the equations in the symmetry inner product (2):

Pr, > (¢k, +| bk, 57— |Kij =0 (3)
( N ) 0 D0z ) () Ox; [ 0w | ) g

@ Integrate viscous term in (3) by parts and apply boundary conditions:

adq
(¢k7 aé”) :/ [6i HA ), — ¢1 HK ] dQ—/ éi HKjn; dy; dS
(H,Q) Q 00

Insert boundary conditions into boundary integrals (weak implementation)

* Energy stability is maintained if the boundary conditions are such that [, SPTHK 0, A4S > 0.
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Steps to Obtain a Stable Compressible
Fluid ROM

@ Galerkin-project the equations in the symmetry inner product (2):

Prs —— + | Prs Ai + | r, =— |Kij—5t =0 (3)
( ot ) w0 9zi ) m.0) Oz, ! Oz, (H,9)

@ Integrate viscous term in (3) by parts and apply boundary conditions:

oq’;
(%7 aéw> :/ [qszAiq’Myi—qbgyjHK,;jq;W)i] dQ—/ GrHK,jn; dy; dS
(H,9) Q 20

Insert boundary conditions into boundary integrals (weak implementation)

* Energy stability is maintained if the boundary conditions are such that [, SPTHK 0, A4S > 0.

@ Substitute modal decomposition g, = Y, ar(t)$r(x) to obtain an M x M
linear dynamical system of the form a = Ca
Sandia
i,
Lahoratories
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Implementation

tability-Preserving Discrete Implementation of ROM:
» ROM is implemented in a C++ code that uses distributed vector and matrix
data structures and parallel eigensolvers from the Trilinos project [8].
» POD modes defined using piecewise smooth finite elements.

» Gauss quadrature rules of sufficient accuracy are used to compute exactly
inner products with the help of Libmesh library.

ROM code is potentially compatible with any CFD code that can
output a mesh and snapshot data stored at the nodes of this mesh.

@ High-fidelity CFD Code: SIGMA CFD
» Sandia in-house finite volume flow solver derived from LESLIE3D [7], a LES
flow solver originally developed in the Computational Combustion
Laboratory at Georgia Tech.
» Solves the turbulent compressible flow equations using an explicit 2-4
MacCormack scheme.

> A hybrid scheme coupling the MacCormack scheme to flux Sanda

difference splitting schemes is employed to capture shocks. Laboratores
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- Inviscid Pulse in a Uniform Base Flow
Uniform base flow:
=101, 325 Pa
T =300 K
p= & =1.17kg/m®
U1 = ue = u3z = 0.0 m/s
¢ =348.0m/s.

P

@ Domain Q = (—1,1) x (—1,1) x (—1,—0.9) initialized with pressure pulse:

P(x;0) = 141.9¢ 0@ +v™)
P (x;0) = ZE,
T'(x;0) = 0,
1 (x;0) = uz(x;0) = uz(x;0) = 0.

@ Slip wall boundary conditions applied on all 6 boundaries of Q.

@ High-fidelity CFD simulation run on 3362 node mesh until time 7' = 0.01
seconds.

@ 200 snapshots (saved every 5 x 10~° seconds), used to construct bt
20 mode POD bases. idigates
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~ 'Time History of ROM Modal
- : Amplitudes

ure 1: 20 Mode Symmetry ROM

Figure 2: 20 Mode L2 ROM

20 Mode Symmetry ROM
004 20 Mode L2 ROM

O Mode 1 0
003 O Mode2 O Mode 1
O Mode2

0.04

0 0001 0002 0.003 0004 0.005 0006 0007 0.008 0005 001
t

@ Figures show:
» o:tvs. a;(t) (ROM coefficients).
» —tvs. (dorp(x,t), $i(x))@m,0) (Projection of snapshots onto modes).
@ Good agreement between the symmetry ROM and the full simulation for all
times.

@ Oscillations in the L? ROM modal amplitudes observed for ¢ > 0.008 Sanda
seconds suggest the presence of an instability in the L2 ROM. i
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— '20 Mode ROM vs. High-Fidelity
Pressure Solutions

Symmetry ROM

L? ROM

CFD

@ Good qualitative agreement between the high-fidelity solution and the symmetry
ROM solution.

Sandia
@ In contrast: L? ROM solution blows up by t = 7.95 x 102 seconds. @ s
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ROM_gS_M20_psol_faster.avi
Media File (video/avi)


Laminar Viscous Cavity Problem
(Case L2in [9])

@ Free stream pressure = 25 Pa, free stream
temperature = 300 K, free stream velocity =
208.8 m/s, 1 = 1.846 x 10~° kg/(m-s) and -
k= 2.587 x 1072 m?/s.

@ Flow initialized to:

» Zero velocity, free stream pressure, and
temperature inside cavity.

» Free stream conditions, and allowed to
evolve, in region above the cavity.

@ High-fidelity CFD simulation was run on 343,408 node mesh until time
T = 0.2 seconds.

@ 101 snapshots were saved (every 2 x 10~3 seconds), to construct 30 mode
POD bases.

Sandia
Nationa
Laboratories

18/24



- 'Laminar Viscous Cavity Problem
(Case L2in [9])

@ Free stream pressure = 25 Pa, free stream
temperature = 300 K, free stream velocity =
208.8 m/s, 1 = 1.846 x 10~° kg/(m-s) and -
k= 2.587 x 1072 m?/s.

@ Flow initialized to:

» Zero velocity, free stream pressure, and
temperature inside cavity.

» Free stream conditions, and allowed to
evolve, in region above the cavity.

@ High-fidelity CFD simulation was run on 343,408 node mesh until time
T = 0.2 seconds.
@ 101 snapshots were saved (every 2 x 10~3 seconds), to construct 30 mode
POD bases.
Inherently non-linear problem!
High-fidelity solution obtained by solving S
full non-linear Navier-Stokes equations. Laboratores

18/24



~ | ' Expected ROM Performance

ROM based on Navier-Stokes equations
linearized around snapshot mean.
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Expected ROM Performance

ROM based on Navier-Stokes equations
linearized around snapshot mean.

K\J

Non-linear dynamics of flow
are captured in
POD reduced basis modes.

a o . ¢
- . .s‘o/ . - 5--'
- -

Mode 1 (52.2% en- Mode 2 (15.5% en- Mode 3 (13.8% en-
ergy) ergy) ergy) @ Nt
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Expected ROM Performance

ROM based on Navier-Stokes equations
linearized around snapshot mean.

K\J\

Non-linear dynamics of flow Non-linear dynamics of the flow
are captured in are not captured in equations
POD reduced basis modes. projected onto POD modes.
a . . 0
- 's"/ ) e
- -

Mode 1 (52.2% en- Mode 2 (15.5% en- Mode 3 (13.8% en- —
ergy) ergy) ergy) @ Nt
Laboratories
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— ' Expected ROM Performance
(continued)

@ As shear layer separates from the leading edge of the cavity, instabilities
develop and grow non-linearly to form vortices convecting down the
shear layer.
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Expected ROM Performance
(continued)

@ As shear layer separates from the leading edge of the cavity, instabilities
develop and grow non-linearly to form vortices convecting down the
shear layer.

ROM built using a linearized form of the Navier-Stokes equations
is not be expected to capture accurately this process.
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Expected ROM Performance
(continued)

@ As shear layer separates from the leading edge of the cavity, instabilities
develop and grow non-linearly to form vortices convecting down the
shear layer.

ROM built using a linearized form of the Navier-Stokes equations
is not be expected to capture accurately this process.

@ Further downstream, vortices impinge on the aft wall giving rise to linear
and non-linear pressure waves that are propagated upstream through
the free stream and the cavity.
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Expected ROM Performance
(continued)

@ As shear layer separates from the leading edge of the cavity, instabilities
develop and grow non-linearly to form vortices convecting down the
shear layer.

ROM built using a linearized form of the Navier-Stokes equations
is not be expected to capture accurately this process.

@ Further downstream, vortices impinge on the aft wall giving rise to linear
and non-linear pressure waves that are propagated upstream through
the free stream and the cavity.

The linear waves (expected in this low Re number regime)
should be accurately captured by the ROM.

Sandia
) ot
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ar '30 Mode ROM vs. High-Fidelity
—4 Velocity Solutions

CFD
L? ROM

Symmetry ROM

@ Reasonable qualitative agreement between ROM and high-fidelity solutions.

@ ROMs do not capture in full detail inherently non-linear vortical struct Sondia
present in the high-fidelity solution. Gj Laboratories

21/24
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Media File (video/avi)


Stability of 30 Mode ROMs

Real parts of ROM matrix sigenvalues for laminar cavity problem

¥ 30 mode Symmetry ROM 2
0w £ 30 mode L2 ROM
FAVLN
0
vV v
vV
002
A VVXZVV AAAA
Zom an vV ZXvv A
an an®® vV &
008
an vy
0108 Vo4
v
o1 VVAA
FAViN
012

5 0 15 Ed E3 0
eigenvalue #

@ Figure plots real part of each eigenvalue of the 30 x 30 ROM dynamical system
matrix C for the 30 mode symmetry and L?> ROMs.

@ 30 mode symmetry ROM is stable, whereas stability of L? ROM is not

guaranteed.
Sandia
@ m' i
Laboratories
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i Future Work

@ Incorporate into the ROM equations non-linear terms in a
stability-preserving and computationally tractable way.

@ Study of the predictive capabilities of the proposed ROM for long-time
simulations.

@ Explore robustness of ROM with respect to parameter changes (reduced
basis interpolation techniques [6]).

@ Investigate the viability of the POD basis for non-linear problems: are
there “better” bases to employ? (stability result is basis independent!)

@ Targeted application: cavity flows in captive carry environments.

@ Reduced order modeling for closed-loop control of large-scale systems.

Sandia
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